
The Semantics of Indicative Conditionals:
The Return of the Trivalent Knights

Jan Sprenger
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Some Classical Questions

Classical Questions about Conditionals A→ C :

Are they propositions?

Do they have truth conditions?

How shall we assess their probabilities? (How do they relate to
conditional probabilities?)

When are they assertable/acceptable?

Areas of Relevance: Logic, epistemology, philosophy of language—but
also causal inference, cognitive psychology.

Notabene: we focus on prediction-oriented conditionals and leave out
degenerate cases such as Dutchman conditionals.
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The Ambition of the Talk

Types of Semantics of Indicative Conditionals: (not mutually
exclusive)

Bivalent Semantics Conditionals are propositions and either true or false.

Truth-Functional Semantics The truth value of (the proposition) A→ C
is a function of the truth values of A and C .

Non-Propositional Semantics Conditionals don’t (necessarily) have truth
values; focus on assertability or reasonableness of
conditionals (e.g., Adams, Edgington).

Overall Aim: Defending the truth-functional view.
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I. Bivalent Semantics
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The Classical Truth-Functional Account

The Classical Truth-Functional Account (Frege, Russell, Jackson, ...)

The truth conditions of the conditional “if A, then C” are equivalent to
those of the material conditional A ⊃ C .

A C A→ C
T T T
T F F
F T T
F F T
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The Truth-Functional Account (cont’d)

Advantage: It is a straightforward and elegant theory.

Suited well for categorical reasoning (e.g., mathematical proofs,
Wason Selection Task, etc.)

Clear semantics of nested conditionals
→ e.g., if A, then (if B, then C ))

Centering holds (A&C ⇒ A→ C ))

Paradoxes of Material Implication

The truth value of the material conditional is not sensitive to the
connection between antecedent and consequent.

“If it rains in Vercelli on September 3, 2018, then many people will
attend the FINO conference.”

“If the sun shines in Turin on September 3, 2018, then the second
day of FINO will take place in Novara.”
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The Non-Truth-Functional Account

The Non-Truth-Functional Account

The truth values of A and C do not impose a truth value on the
conditional “if A→ C ”.

Stalnaker Semantics

Consider a possible world in which A is true and otherwise differs
minimally from the actual world. “A→ C ” is true (false) just in case C
is true (false) in that possible world. (Stalnaker 1968, 33–34)

A C A→ C
T T T
T F F
F T depends on nearest A-world
F F depends on nearest A-world
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Non-Truth-Functional Account: Advantages

Advantages:

Avoids the problems of the material conditional: clear connection
between antecedent and consequent

Allows to define modality in terms of conditional reasoning:
�A =df ¬A→ A

Can be connected to probabilistic epistemology

Stalnaker’s Thesis

For two propositions A and C:

p(A→ C) = p(C|A) (Stalnaker’s Thesis (ST))

For the record, this is different from

Adams’s Thesis

Ass(A→ C) = p(C|A) (Adams’s Thesis (AT))
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Non-Truth-Functional Account: Disadvantages

Reliance on (subjective?) similarity relations between possible worlds is
dubious from an empiricist viewpoint.

NTF accounts fail to license some crucial conditional inferences, e.g.:

¬A ∨ C⇒ (If A, then C)

Import-Export (see below)

...

The Import-Export Principle

The following two principles are equivalent:

1 If A and B, then C.

2 If A, then (if B, then C).



Bivalent Semantics The de Finetti Conditional Validity Proof Theory Summary

Non-Truth-Functional Account: Disadvantages

Reliance on (subjective?) similarity relations between possible worlds is
dubious from an empiricist viewpoint.

NTF accounts fail to license some crucial conditional inferences, e.g.:

¬A ∨ C⇒ (If A, then C)

Import-Export (see below)

...

The Import-Export Principle

The following two principles are equivalent:

1 If A and B, then C.

2 If A, then (if B, then C).



Bivalent Semantics The de Finetti Conditional Validity Proof Theory Summary

Non-Truth-Functional Account: Disadvantages

Reliance on (subjective?) similarity relations between possible worlds is
dubious from an empiricist viewpoint.

NTF accounts fail to license some crucial conditional inferences, e.g.:

¬A ∨ C⇒ (If A, then C)

Import-Export (see below)

...

The Import-Export Principle

The following two principles are equivalent:

1 If A and B, then C.

2 If A, then (if B, then C).



Bivalent Semantics The de Finetti Conditional Validity Proof Theory Summary

Gibbard’s Triviality Result

In a famous paper from 1981, Gibbard showed that all conditionals
A→ C with the following conditions:

It is at least as strong as the material conditional.
(A→ C ⇒ A ⊃ C .)

It satisfies Import-Export.

If A and C , then C .

...are equivalent to the material conditional. Does this mean that we
have come full circle?

The Non-Propositional Empire’s Research Program (Ramsey,
Adams, Edgington, Douven, Over, etc.):

1 Give up the search for (bivalent) truth conditions.

2 Focus on (probabilistic) acceptability/assertability conditions.

Vassalage (Jackson): Truth conditions ∼ material conditional.
Disentangled from the assertability of a conditional.
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II. Trivalent Semantics:
The de Finetti Conditional
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Figure: Two pioneers of the epistemology of conditionals: Quine and De Finetti.
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The Trivalent Account: History

The trivalent account assimilates indicative conditionals to conditional
predictions/assertions.

Now under what circumstances is a conditional true? Even
to raise this question is to depart from everyday attitudes. An
affirmation of the form ‘if A then C’ is commonly felt less as an
affirmation of a conditional than as a conditional affirmation of
the consequent.

If [...] the antecedent turns out true, then we consider our-
selves committed to the consequent, and are ready to acknowl-
edge error if it proves false. If, on the other hand the antecedent
turns out to have been false, our conditional affirmation is as if
it had never been made. (Quine, “Methods of Logic”, 1950)

There are similar passages in Adams 1965 (“The Logic of Conditionals”)
regarding conditional bets, but neither makes much out of this
observation.
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The Trivalent Account: History (cont’d)

There is a strong similarity to De Finetti’s treatment of conditional
statements (triévénements) and conditional bets:

C’est ici qu’il parâıt indiqué d’introduire une logique spéciale
à trois valeurs, comme nous l’avions déjà annoncé : A et C
étant deux événements (propositions) quelconques, nous dirons
triévénement C |A (C subordonné à A), l’entité logique considérée

1 vraie si A and C sont vrais;
2 fausse si C est faux and A est vrai;
3 nulle si A est faux

(on n’a pas de distinction entre “non A et C ” et “non A et non
C ”, le triévénement ne devant être fonction que de A et A ∧ C ).

(De
Finetti, 1935, “La Logique de la Probabilité”, original emphasis.)

Truth conditions for conditionals ∼ conditions for settling a
conditional bet
Conditional recognized as true = both the antecedent and the
consequent have been verified
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Truth conditions for conditionals ∼ conditions for settling a
conditional bet
Conditional recognized as true = both the antecedent and the
consequent have been verified



Bivalent Semantics The de Finetti Conditional Validity Proof Theory Summary

The Trivalent Account: History (cont’d)

There is a strong similarity to De Finetti’s treatment of conditional
statements (triévénements) and conditional bets:
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The Trivalent Account: History (cont’d)
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A Template for Trivalent Semantics

f→ 1 0
1 1 0
0 # #

f→ 1 1/2 0
1 1 · 0

1/2 · · ·
0 1/2 · 1/2

Figure: “Defective” two-valued truth table (left) and incomplete three-valued
expansion (right) for the conditional functor f→.
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Advantages of the Trivalent Approach

The trivalent approach evaluates a conditional A→ C by evaluating C
on the supposition that A.

1 Avoids the paradoxes of material implication.

2 Treats conditionals as propositions, faithful to their linguistic form.
3 Clear epistemological motivations of the semantics

(→ conditional assertions, conditional bets)
4 Rescues Import-Export, Centering, and other desirable inference

principles.

A→ (B → C ) ≡ (A ∧ B)→ C (Import-Export)

5 Connection to the (probabilistic) epistemology of conditionals via
betting odds:

Ass(A→ C ) = p(A→ C is true|A→ C has a classical truth value)

= p(A ∧ C |A)

= p(C |A) (1)

Adams’ Thesis is a simple consequence of the trivalent approach!
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3 Clear epistemological motivations of the semantics
(→ conditional assertions, conditional bets)

4 Rescues Import-Export, Centering, and other desirable inference
principles.

A→ (B → C ) ≡ (A ∧ B)→ C (Import-Export)

5 Connection to the (probabilistic) epistemology of conditionals via
betting odds:

Ass(A→ C ) = p(A→ C is true|A→ C has a classical truth value)

= p(A ∧ C |A)

= p(C |A) (1)
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Open questions about the trivalent approach

Logical Operations How shall we define negation, conjunction, etc.?
→ what is the negation of “indeterminate”?

Truth Conditions How shall we fill in the (incomplete) trivalent truth
table for the conditional functor?

Validity (Logic of Suppositional Reasoning) One or two designated truth
values?
Which validity relation?
Which inferences should hold?

Project: Find the most convincing combination of these three
parameters! (More challenging than for bivalent logic.)
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Standard Logical Operations

All standard logical operators are interpreted via the Strong Kleene truth
table.

f¬
1 0

1/2 1/2

0 1

f∧ 1 1/2 0
1 1 1/2 0

1/2 1/2 1/2 0
0 0 0 0

Analogous for disjunction.
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de Finetti’s truth table

De Finetti’s explication of the trivalent conditional (1935) fills in all
remaining values as indeterminate.

f→DF
1 1/2 0

1 1 1/2 0
1/2 1/2 1/2 1/2

0 1/2 1/2 1/2

Table: The truth table for the de Finetti conditional.
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Evaluations and Truth

Classical/Strong Kleene/de Finetti Evaluations

Let L be a first-order propositional language and L→ be the extended
language with the conditional connective ‘→’.

A classical evaluation is a function v : L → {1, 0} that interprets ‘¬’
and ‘∧’ by the functors f¬ and f∧ restricted to the values 1 and 0.

A strong Kleene (SK-) evaluation is a function v : L → {1, 1/2, 0}
that interprets ‘¬’ and ‘∧’ by the functors f¬ and f∧.

A de Finetti (DF-) evaluation is a function v : L→ → {1, 1/2, 0} that
interprets ‘¬’, ‘∧’, and ‘→’ by the functors f¬, f∧ and f→DF

.

S-truth and T-Truth

An evaluation v : L→ → {1, 1/2, 0} makes a sentence A strictly true
(or S-true) provided v(A) = 1.

An evaluation v : L→ → {1, 1/2, 0} makes a sentence A tolerantly
true (or T-true) provided v(A) > 0.
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Validity Notions

Validity

Given an evaluation for the sentences of L (respectively L→), we say
that:

Γ |=SS A if every evaluation that makes all sentences of Γ S-true also
makes A S-true.

Γ |=TT A if every evaluation that makes all sentences of Γ T-true
also makes A T-true.

Γ |=(SS∩TT) A if both Γ |=SS A and Γ |=TT A hold.

Γ |=ST A if every evaluation that makes all sentences of Γ S-true also
makes A T-true.

Γ |=TS A if every evaluation that makes all sentences of Γ T-true
also makes A S-true.

These relations aim to capture the logic of suppositional reasoning.
Question: Which validity relation is the most appropriate one for the de
Finetti conditional f→DF

?
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Problems with Validity

SS- and ST-validity Allows for conjunction introduction:

A→ C |=SS A ∧ C

and implication to the converse:

A→ C |=SS C → A

Sentential validities and the Identity Law (|=SS A→ A)
also fail.

TT-validity Invalidates the above inferences and preserves sentential
validities, but modus ponens fails:

A,A→ C 6|=TT C

(SS ∩ TT)- and TS-validity Inherits the problems of SS- and TT-validity.
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The Trilemma for the de Finetti Conditional

There is no fully satisfactory validity relation for the de Finetti
conditional:

The Validity Trilemma

Irrespective of whether SS, TT, ST, TS or SS ∩ TT is chosen for validity,
the DF-conditional either must

1 fail Modus Ponens;

2 fail the Identity Law (and other sentential validities);

3 entail conjunction and the converse conditional.

Modus Ponens Identity/Sent. Validities A→ C |= C → A
Ideal case X X ×

SS X × X
TT × X ×
ST X X X
TS × × ×

SS ∩ TT × × ×
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TT-validity and the Deduction Theorem

Of all candidates, TT-validity seems to be the least evil (note that MP
holds for classical formulas). It also validates

Commutation with Negation

¬(A→ C ) ≡TT A→ ¬C

(In agreement with our use of indicative conditionals in ordinary
language.)

However, due to the failure of MP, TT-validity does not support a full
Deduction Theorem.

Conditional Introduction

Γ,A |=TT C ⇒ Γ |=TT A→ C

Failure of Deduction Theorem

Γ |=TT A→ C 6 ⇒ Γ,A |=TT C

(Counterexample: Γ = ∅,A = 1/2, C = 0.)
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Intermediate Conclusions

Advantages and drawbacks of the de Finetti conditional:

Principled, intuitive and well-motivated semantics.
(→ supposition of the antecedent, conditional bets) for the trivalent
conditional.

Solves major problems of bivalent semantics.
(→ Import-Export, connection to epistemology, etc.)

No satisfactory validity relation has been identified.
→ Validity Trilemma

New Research Question: solve problem by modifying (the second row
of) de Finetti’s truth table.
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III. Trivalent Semantics:
Jeffrey Conditionals
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A Template for Trivalent Semantics

Starting point of trivalent semantics:

f→ 1 1/2 0
1 1 · 0

1/2 · · ·
0 1/2 · 1/2

This template can be filled in in various ways. Two proposals from the
literature:

f→C 1 1/2 0
1 1 1/2 0
1/2 1 1/2 0
0 1/2 1/2 1/2

f→F 1 1/2 0
1 1 1/2 0
1/2 1/2 1/2 0
0 1/2 1/2 1/2

Figure: Truth tables for the Cooper conditional (1968, left) and the Farrell
conditional (1979/86, right).
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Cooper and Farrell Evaluations

Cooper and Farrell Evaluations

A Cooper evaluation (or C-evaluation) is a function
v : L→ → {1, 1/2, 0} interpreting ‘¬’, ‘∧’, and ‘→’ by the functors
f¬, f∧ and f→C

.

A Farrell evaluation (or F-evaluation) is a function
v : L→ → {1, 1/2, 0} interpreting ‘¬’, ‘∧’, and ‘→’ by the functors
f¬, f∧ and f→F

.

1 Which truth table should we choose?

2 What is the appropriate validity relation?

Cooper: TT-validity natural; indeterminate antecedents ∼ true
antecedents.
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Jeffrey Conditionals

Axiomatic Requirement (Jeffrey, 1963): we focus on truth tables that
satisfy Modus Ponens under a TT-validity relation.

Fact: Under a TT-notion of validity, a three-valued conditional operator
f→ validates Modus Ponens only if f→(1, 0) = f→(1/2, 0) = 0.

Jeffrey Conditionals

A Jeffrey conditional is any binary three-valued operator of the form:

f→ 1 1/2 0
1 1 d1 0

1/2 d2 d3 0
0 1/2 d4

1/2

where di ∈ {1/2, 1} for 1 ≤ i ≤ 4.

Like the de Finetti conditional, Jeffrey conditionals recover Adams’s
Thesis (Ass(A→ C ) = p(C |A)) for classical propositions A,C ∈ L.
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Validity: Deduction Theorem and Trilemma Resolution

Deduction Theorem

Any Jeffrey conditional TT-validates the full Deduction Theorem:
Γ,A |=TT C if and only if Γ |=TT A→ C .

No Jeffrey conditional validates the full deduction theorem for SS-,
TT ∩ SS, ST and TS-validity.

This result singles out TT-validity as a privileged validity relation for the
class of Jeffrey conditionals.

Trilemma Resolution and Failure of Contraposition

Under a TT-notion of validity, any Jeffrey conditional

satisfies Modus Ponens and the Identity Law;

invalidates the entailment from A→ C to A&C and C → A.
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Truth Tables: Interaction with (Strong Kleene) Negation

Jeffrey Conditionals and Commutation with Negation

Among all Jeffrey conditionals, only Cooper’s validates the full
commutation schema for negation.

¬(A→ C ) ≡TT A→ ¬C

The Cooper conditional is also the most “natural” truth table among all
Jeffrey conditionals (indeterminate antecedents ∼ true antecedents).
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Intermediate Conclusions

De Finetti conditionals run into the validity trilemma. The Jeffrey
Conditionals with the TT-validity relation...

block this trilemma;

validate the full Deduction Theorem;

support—in the Cooper variant—full commutation with negation.

The Cooper conditional strikes the best balance of logical, conceptual
and epistemic properties.
What about the proof theory?
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IV. Proof Theory and Algebraization
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Overview of Proof Theory

Our proof theory has three parts:

Tableaux Calculus Soundness and completeness results for a tableaux
calculus.
(Allows only for finite set of premises.)

Sequent Calculus Soundness and completeness results for a sequent
calculus à la Gentzen.

Algebraization Construction of the Lindenbaum-Tarski algebra; canonical
model theorem.
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Sequent Calculus: Axioms and Rules

Axiom:

SRef
Γ,A | ∆,A | Σ,A

Rules (excerpts):

Γ,A | ∆ | Σ
¬-0

Γ | ∆ | Σ,¬A

Γ | ∆,A | Σ
¬-1/2

Γ | ∆,¬A | Σ

Γ | ∆ | Σ,A
¬-1

Γ,¬A | ∆ | Σ

Γ | ∆,A | Σ,A Γ | ∆ | Σ,B
→-1

Γ | ∆ | Σ,A→ B
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Satisfaction and Soundness

Satisfaction and Validity

A C-evaluation v satisfies a sequent Γ | ∆ | Σ if:

- there is an A ∈ Γ s.t. v(A) = 0, or

- there is a B ∈ ∆ s.t. v(B) = 1/2, or

- there is a C ∈ Σ s.t. v(C ) = 1.

A sequent Γ | ∆ | Σ is C-valid if it is satisfied by every C-evaluation.

Lemma

For every sets of formulae Γ and ∆:

Γ |=CTT ∆ if and only if Γ | ∆ | ∆ is C-valid

Soundness Theorem for Sequent Calculus

If Γ `CTT ∆, then Γ |=CTT ∆.

(Proof by induction on the length of the derivation Γ | ∆ | ∆.)
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Satisfaction and Completeness

Countermodels and Derivations

For every triple of sets of formulae Γ, ∆, and Σ, exactly one of the two
following cases is given:

1 There is a derivation of Γ | ∆ | Σ in CTT.

2 Γ | ∆ | Σ has a countermodel.

Completeness Theorem for Sequent Calculus

For every set Γ of formulae and every formula A:

if Γ |=CTT ∆, then Γ `CTT ∆.

(Proof immediate from the previous result by contraposition:

if Γ 6 `CTT ∆, then Γ 6 |=CTT ∆.)
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Algebraization

Provable Equivalence

For every set of formulae Γ, define the relation of provable equivalence
∼c

Γ as follows:

A ∼c
Γ B if and only if Γ `CTT A↔ B

This is an equivalence relation on the set of formulae; [A]c
Γ denotes the

equivalence class of A induced by ∼c
Γ.

Notabene: The equivalent construction for the de Finetti conditional
does not induce an equivalence relation!
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The Lindenbaum-Tarski Algebra

The Cooper-Lindenbaum-Tarski algebra of Γ is the structure

C(Γ) = 〈For(L→)/ ∼c
Γ,uΓ,tΓ,−Γ,BΓ, 0Γ, 1Γ〉

where:

[A]Γ uΓ [B]Γ := [A ∧ B]Γ [A]Γ tΓ [B]Γ := [A ∨ B]Γ

−Γ[A]Γ := [¬A]Γ [A]Γ BΓ [B]Γ := [A→ B]Γ

[⊥]Γ := 0Γ [⊥ → >]Γ := 1/2Γ

[>]Γ := 1Γ
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The Canonical Model Theorem

Definition: canonical evaluations

Let a Γ-canonical evaluation be a function cΓ : For(L→) 7−→ C(Γ) such
that for every propositional variable p,

cΓ(p) := [p]Γ

Lemma: one canonical evaluation

For every {Γ,A} ⊆ For(L→), cΓ(A) = [A]Γ. Therefore, there is exactly
one Γ-canonical evaluation.

Canonical model theorem

For every set {Γ,A} ⊆ For(L→), the following claims are equivalent:

(i) Γ `CTT A

(ii) Γ |=C A (A follows from Γ in all Cooper algebras)

(iii) cΓ(A) = 1Γ or 1/2Γ
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V. Summary
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Bivalent Conditionals

There are three major views on the truth conditions of indicative
conditionals in bivalent logic:

The bivalent truth-functional view (e.g., the material conditional).

The non-truth-functional view (e.g., possible worlds semantics).

The suppositionalist view (→ gappy TC, shift focus to
probability/acceptability)

Each of these views has its advantages, but none of them is fully
convincing.
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Trivalent Conditionals

Set up trivalent semantics of conditionals where indicative conditionals
correspond to conditional predictions.

False antecedent leads to an indeterminate truth value.

Fully analogous to de Finetti’s idea of conditional bets.

Best combination: Cooper’s truth table for the conditional, and the
TT-notion of validity

Preserves inference principles such as Modus Ponens, Import-Export,
Deduction Theorem, etc.

Attractive proof theory and semantics
1 Soundness and completeness proofs for tableaux and sequent calculi
2 Algebraization and canonical model theorem

(Lindenbaum-Tarski-Algebra)
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Exploration: what about counterfactuals?

If we adopt the de Finettian semantics for counterfactuals, too, then we
obtain that A > C is always indeterminate.

Counterfactuals can never be true (or false).
1 If switch A or B had been down, the light would be off. (Both

switches are up and the light is on.)
2 If we move down switch A or B, the light will be off. (Ditto.)

How can one ever verify or falsify the first statement?

“I reject questions of counterfactual form as either nonsense or as
colorful ways of asking about conditional probabilities.” (Jeffrey,
1991)
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The Master of Trivalence

Figure:
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	Main Talk
	Bivalent Semantics
	Trivalent Semantics: The de Finetti Conditional
	Trivalent Semantics: Jeffrey Conditionals
	Proof Theory and Algebraization
	Summary

	Appendix

